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EXTREME VALUE DISTRIBUTIONS FOR ONE-PARAMETER 
ACTIONS ON HOMOGENEOUS SPACES 

MAXIM S0LUND KIRSEBOM 


Abstract. In this paper we study extreme value distributions for one-parameter actions 
on homogeneous spaces. We study both maximal distance excursions and closest distance 
returns of a one-parameter action. In the special case of the space of unimodular lattices 
we study extreme values for lengths of the shortest vector in a lattice. For certain sparse 
subsequences of the one-parameter action and by taking the maximum over a specific 
interval of indices we prove non-trivial estimates for the limiting distribution in all cases. 

We also prove estimates for the limiting distribution of the fc’th largest element in all of 
the above settings. 

1. Introduction 

Say we have a dynamical system consisting of a probability space (X,/i), a flow (ft '■ 
X ^ X, f G IR and a metric d. It is of interest to study the maximal distance that a 
typical orbit of the system gets away from a fixed point in the space in a certain period of 
time. That is, 

Mr{x) = max d{ft{x),Xo) 
te[o,R] 

for R G IR and some fixed point xq G X. In particular, we are keen to understand the 
behaviour of this maximal distance as i? —?• cxd. The growth rate of Mr is well understood 
in many interesting cases. A well-known result of this type is Sullivan’s logarithm law for 
the maximal excursions of the geodesic flow on a cocompact, hnite volume quotient of the 
real hyperbolic space, ig. Kleinbock and Margulis m generalized the result of Sullivan 
by proving that the logarithm law holds for one-parameter actions on a certain class of 
cocompact, hnite volume homogeneous spaces and for a more general class of functions 
than d(-,xo). Later, Athreya, Ghosh and Prasad |1], |2] proved ultrametric analogues of 
Kleinbock and Margulis’ logarithm law. 

In this paper we focus on the setting of Kleinbock and Margulis’ logarithm law, which we 
formally dehne in Subsection 11.11 Since the growth rate of Mr is already well understood 
in this case it is natural to ask more precise questions about the behaviour of Mr. We do 
this by studying the distribution of Mr, that is the function Fmj^ : 1R —)■ 1R given by 

FMnir) = /i(x : Mr{x) < r). 

Again we are keen to understand what happens when i? —)■ oo, that is, to determine the 
existence and form of the limit lim/j^oo Fmh- A result of this kind was proven by Pollicott 
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[13] who was able to give an exact asymptotic formula for the distribution of the maximal 
distance excursions of the geodesic flow on the modular surface. On the one hand Pollicott’s 
statement is more precise than that of Sullivan, but on the other hand, it holds true only 
in a special case of Sullivan’s setting. 

The result of Pollicott is known as an extreme value distribution (EVD). One way to 
approach the task of determining EVD’s in dynamical systems is to establish quantitative 
mixing properties of the system and use these along with some classical results from the 
held of extreme value theory. In the following subsection we elaborate on this idea. 

Extreme value theory and quantitative mixing. For a real-valued stochastic process we may 
study two types of extremes, namely the minimum or the maximum among a certain 
collection of random variables in the process. The limiting distribution of either extreme 
is known as an EVD. The conventional approach to determining an EVD is through the 
techniques of extreme value theory. This is a branch of statistics which deals with the 
distributional properties of extreme events in stochastic processes. When we consider 
identically distributed stochastic processes, the theory roughly splits into two parts, the 
case of independent and the case of dependent stochastic processes. The independent case 
is simple and EVD’s of independent, identically distributed processes are well understood. 
The dependent case is signihcantly more complicated and complex. If we make the stronger 
assumption that our stochastic process is stationary, we obtain EVD’s when the dependence 
is sufficiently weak. Here ’’sufficiently weak” means that the stochastic process satisfies two 
conditions commonly known as Condition D and D'. For further details on these conditions 
and extreme value theory, see [12]. For a short resume on extreme value theory, see [9]. 

Consider a dynamical system consisting of a probability space (X, p), a flow (ft : X ^ X, 
t G ]R and an observable D : X —R. Assume that /i is invariant. We are interested in 
the stochastic process defined by the random variables t G IR which we refer 

to as the stochastic process arising from the dynamical system. Notice that (y^^invariance of 
/i implies that ft is stationary. The prospect of proving Condition D and D' for ft depends 
on the type and rate of mixing known for the system as well as the nature of the observable 
V. 

For many interesting dynamical systems, EVD’s have been established. The first example 
came through the work of Collet [1] who proved an EVD for the closest distance returns 
of typical orbits of a certain transformation of a closed interval. Collets result holds for 
systems satisfying certain hyperbolicity assumptions. It is known that systems satisfying 
these assumptions are exponentially mixing and Collet used this rate of mixing to prove 
that the aforementioned conditions D and D' were satisfied. Collet’s work provided a 
blueprint for how to apply extreme value theory to dynamical systems using quantitative 
mixing properties. Since then, EVD’s have been determined for many other interesting 
dynamical systems, see for example 0,0,0,0,0. 

As mentioned previously, we are interested in determining EVD’s in the setting of Klein- 
bock and Margulis’ logarithm law. It is known that the rate of mixing in this setting is 
exponential. Despite this relatively fast rate, it proved beyond our capabilities to verify 
the aforementioned condition D in this setting. The problem we encounter when trying 
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to verify Condition D is that the exponential mixing only holds true for observables that 
satisfy restrictive smoothness assumptions. This causes problems in our calculations and 
creates error terms which we are unable to control. Note that we are not suggesting that 
condition D cannot be proven in this setting, we are merely saying that we were unable to 
do so. 

Without Condition D we do not have the results of extreme value theory available to 
us. Instead we take a more direct approach to estimating the EVD’s of the system. Our 
idea is to apply the mixing property of the system directly to the distribution function of 
the extreme event. This results in an error term which we can control when we look at a 
special case. In the following we introduce our setup, including the special case mentioned. 

1.1. Setup and main results. Let G denote a connected semi-simple Lie group with 
hnite center and let T < G be an irreducible lattice such that G/T is not compact. Set 
X = G/T and let at denote a one-parameter subgroup of G. Let jj, denote the normalized 
Haar measure on X and let d denote the dimension of G. Let d be the Riemannian metric 
on X chosen by hxing a right invariant Riemannian metric on G which is bi-invariant 
with respect to a maximal compact subgroup of G. Let "D ; X —)■ IR denote a measurable 
function. 

In order to control the the aforementioned error terms we need to restrict ourselves to 
the following special case. The first restriction is that we only look at a sparse sequence of 
at- The second restriction is that the maximum which we study is taken over an interval 
of indices whose endpoints are increasing. More specihcally, let rrij G IR be a sequence and 
let an < /3n be sequences of natural numbers both going to oo with n. Instead of studying 
the maximum Mr, we are looking at the maximum 

max V{aix). 

From here and onwards we fix the notation 

In {'^Olnl '^a.n + l-l ■ ■ ■ 1 

for given sequences of natural numbers q;„ < and rrij G IR. We then write the above 
maximum as 

Mt(x) := maxViaix) = max Viatx). 

i&In 'nian<i<nip^ 

We also hx the notation 


Nn /^n ~ <Tn + 1 

throughout the paper. The necessary conditions on rrij, an and j3n vary depending on the 
specihc setting and will be made explicit in each of the forthcoming theorems. 

We are also interested in the /c’th largest element for some /c G N. That is, instead of 
studying the maximum, i.e. the largest among [V{am^^x),... we study the 

/c’th largest element in this collection. We will denote the /c’th largest element by max*^^^ 
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and write 

= max^’^\V{aix)). 

We are now ready to present the main results of the paper. We prove results for maximal 
distance excursions as well as closest distance returns in the full generality of the setup 
described above. Furthermore, in the special case of X being the space of unimodular 
lattices in we are able to obtain a more accurate result. 


1.2. Maximal distance excursions. We study the maximal distance excursions by look¬ 
ing at the observable 

V(-) = d(-,a;o) 

for a fixed point xo E X. We prove the following. 

Theorem 1.1. Let m, E'R be a fixed sequence which satisfies that 

( 1 , 1 ) 

j^oo rrij 

where C G (0,1] is an explicit constant. Also, let an < fdn be sequences in N for which t 
oo and Nn —)■ oo. Assume that at is partially hyperbolic and that Ad(at) is diagonalizable. 
Then there exist positive constants wi, W 2 and v such that for every xq E X 

g-niie ^ ^ (^Mj^ < Un{r)) < lim /i (M/„ < M„(r)) < 

n^oo n^oo 

where Un{r) = ^ + y logiV„. 

For the /c’th largest element we obtain the following result. 


Theorem 1.2. Let mj ElR. be a fixed sequence satisfying 


sup 


mj.i 


< C 


jeiN \ 

where C E (0,1] is an explicit constant. Set p = (sup^gj^ {mj-i/mj)) ^. Also let an < fdn 
be sequences in N for which an ^ oo and Nn ^ oo in such a way that 

Nn = o , 

where a > 0 is an explicit constant. Assume that at is partially hyperbolic and that Ad(at) 
is diagonalizable. Then there exist positive constants Wi,W 2 and v such that for every 
Xq E X 

e-"'-' E < Um ^ (mP < ujr)) 


2=0 


< lim fi ( Mj^'^ < Un{r )) < e 


k—1 / 

^-vr X—^ \W\C 


E 

i=0 


where Unir) = r + - log A^„ 
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1.3. Closest distance returns. We study closest distance returns by looking at the ob¬ 
servable 


P(-) = -logd(-,a;o) 

for a fixed point xq ^ X. We prove the following. 

Theorem 1.3. Let rrij G K, 6e a fixed sequence for which 

sup < C (1.2) 

jeN H7.J 

where C G (0,1] is an explicit constant. Set p = (sup^^j^ {mj-i/mj)) Also let an < fin 
he sequences in N for which —)■ cxo and Nn ^ oo in such a way that 

Nn = o{e^^^-), 

where a > t) is an explicit constant. Assume that at is partially hyperbolic and that Ad(at) 
is diagonalizahle. Let Unir) = r + ^logiV^. Then there exists a positive constant w such 
that for every Xq E X 

lim p {Mi^ < Un{r)) = 

n—)-oo 

A simple example for which the conditions of Theorem 11.31 are satished is fin = 2n, 
ttn = n and nij = q^ for some sufficiently large g G R. For some tc > 0 we then have for 
all Xq E X 

lim /i ( max — log d(a„ia:, Xq) 

n—too \n<j<2n 

For the fc’th largest element we obtain the following result. 



Theorem 1.4. Let m,- G IR 6e a fixed sequence satisfying 


sup 




s€N \ 


< c 


where C E (0,1] is an explicit constant. Set p = (sup^gjf^ {mj^i/mj)) . Also let an < fin 
be sequences in N for which —>■ cxo and Nn oo in such a way that 

Nn = o , 

where a > 0 is an explicit constant. Assume that at is partially hyperbolic and that Ad(at) 
is diagonalizahle. Set Un{r) = r + ^logA^^. Then there exists a positive constant w such 
that for every xq E X 


k-l 


lim p (Xlf^ < Un(r)) = ^ 

n->oo V / ^^ 

i=0 


{we-'^^y 


l\ 
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1.4. Shortest vectors on the space of unimodular lattices. Let X = Cd denote the 
space of unimodular lattices in and /i the normalized Haar measure on Cd- Recall that 
can be identihed with SL{d, R)/SL((i, Z) and hence can be thought of as a homogeneous 
space. Let at denote a one-parameter subgroup of SL{d, R). Let A ; ^ R be given by 

A(A) = max log| 7 -^V (1.3) 

i;GA\{0} V 11^11/ 

and set V = A. We choose to study the observable A because it is of great importance 
to the connections between flows on and Diophantine approximation. Note that up to 
a change of variables A returns the length of the shortest non-zero vector in the lattice, 
hence the title of this subsection. We obtain the following result. 

Theorem 1.5. Let rrij G R 6e a fixed sequence such that 

Hhzl < c (1.4) 

j^oo TTlj 

where C G (0,1] is an explicit constant. Also, let an < fin sequences in N for which an —)■ 
oo and Nn —)■ oo. Assume that at is partially hyperbolic and that Ad(at) is diagonalizable. 
Set Un{r) = T" + 2 Then for w = we have 

lim p (M/„ < Unir)) = 

n—)-oo 

For the /c’th largest element we obtain the following result. 


Theorem 1.6. Let mj G R 6e a fixed sequence satisfying 


sup 

teN 



< c 


where C G (0,1] is an explicit constant. Set p = (supjgi<[ ^^so let < fin 

be sequences in N for which —)■ cxo and Nn ^ oo in such a way that 


Nn = o , 


where a > 0 is an explicit constant. Assume that at is partially hyperbolic and that Ad(at) 
is diagonalizable. Set Un{r) = + 2 Then for w = we have 


k—1 

lim /i < Un ( r )) = ^ 

n->-oo V / ^ 

i=0 


(we 




2. Structure of the paper 

We begin with Section [3] which contains all the necessary concepts, deflnitions and previ¬ 
ous results. We also prove some basic estimates which will be used many times throughout 
the paper. In Section 0] we prove two general results from which Theorem 11.11 11.31 and 
11.51 will follow almost directly. In Section |5] we again prove two general results, which in 
this case imply Theorem 11.2111.41 and 11.61 Much of this section is repetition from Section 
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m hence many repetitive details are left out and only the new ideas and differences are 
elaborated on. 


3. Preliminaries 

3.1. Asymptotic volume estimates. Let (X, /i) be a probability space and let D : X —)■ 
R denote a measurable function. We dehne the tail distribution function of T) as 

^v{z) = p ({x : V{x) > z}) . 

In order to prove the main results it is necessary to have some estimate on the tail distribu¬ 
tion function of the observable in question. We dehne two types of observables according 
to the accuracy with which the asymptotics of their tail distribution function is known. 

Definition 3.1. For positive constants wi,W 2 and v, we say that V is (tci,tC 2 ,p)"DL 
(”Distance-Like”) if it is uniformly continuous and satishes 

wie~'"^ < < W2e~'"^ , G R. 

For positive constants w and n, we say that T) is (tc,n)-SDL (”Strong-Distance-Like”) if it 
is uniformly continuous and satishes 

^v{z) = we~'"^ + as z ^ oo. 

The notion of distance-like functions was introduced by Kleinbock and Margulis in 
m, and distance-like properties for two observables of particular interest are also proven 
therein. The hrst of these is the Riemannian distance to a hxed point which is a natural 
choice of observable when studying cuspital excursions. As seen in the following theorem, 
the setup of Kleinbock and Margulis is sligthly more general than that introduced in section 

o 


Theorem 3.2 (Kleinbock and Margulis, [H]). Let G be a connected semisimple Lie group 
and F a non-uniform irreducible lattice in G. Let /i he the normalized Haar measure on 
G/T and d a Riemannian metric on G/T chosen by fixing a right invariant Riemannian 
metric on G bi-invariant with respect to a maximal compact subgroup of G. Let xo be an 
arbitrary fixed point in G/V. Then there exist positive constants wi, W 2 and v such that the 
observable d{- , xq) is {wi,W 2 ,v)-DL. 

The second observable considered in m is A : —)■ R, introduced in Section lOl Recall 
the well-known fact that is isomorphic to the homogeneous space SL((i, R)/SL((i, Z). 
We therefore write 


Cd = SL(d,R)/SL(d, Z), 

and in accordance with the focus of this paper, we think of Cd as a homogeneous space. 
The following is known about the tail distribution function of A. 
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Theorem 3.3 (Kleinbock and Margulis, [H]). Let A : Cd ^ ^ be defined as in mai and 
let yU denote the normalized Haar measure on Cd- Set Cd = where Vd denotes the 
volume of the unit ball in Then there exists a positive constant C'^ such that 

Cdc-^^ > d>A(z) > Cde-^^ - C'de-^^T 
In other words, A is {Cd,d)-SDL. 

Let {X, fi) denote a probability space which is also a metric space with a metric d. 
Another observable which we will stndy in this paper is — logd(-,xo) with xo & X an 
arbitrary hxed point. This is the observable we nse to stndy closest distance retnrns. It is 
clear that small valnes of d(a:,a:o) correspond to large valnes of — logd(a;, xq). Hence, by 
looking at the snccessive maxima of — logd(-,xo) along some trajectory, we are actnally 
looking at the closest distance retnrns of said trajectory. The choice of — log is not canonical 
and indeed we conld have chosen any continnons fnnctions / with the property that /(x) —)■ 
snPa;gx /(^) for X —)• 0. However, — log tnrns ont to be convenient from a technical point 
of view which is the reason why we make this choice. 

The observable — logd(-, xq) is not nniformly continnons and hence it fails to be neither 
SDL nor DL. However, we can still determine the asymptotics of its tail distribntion fnnc- 
tion. Indeed, the following lemma is easy to prove. By a smooth measnre we will mean a 
C°° fnnction times the Lebesgne measnre. 

Lemma 3.4. Assume that X is a Riemannian manifold of dimension d with a smooth 
measure /i having positive density. Let Xq E X be an arbitrary fixed point and setV{-) = 
— logd(-,xo) where d is the Riemannian metric on X. Then, for some w > 0, 

= we~'^^ + o(e“'^^) as z ^ oo. 

Proof. Since X is a Riemannian manifold we can hnd a coordinate chart cr : X —IR*^ 
snch that a^Bfixfi)) = 5^(0). Let p denote the density of p with respect to the Lebesqne 
measure m on IR^. Then we can write 

p{Br{xo)) = / p{x) dx. 

J Br{0) 

Since p is smooth, we know that we can write p(x) = p(0) + 0(r). Using this we get 
p{Br{xo)) = p(0)m(Rr(0)) + 0{r)m{Brfi))) = p(0)r'^ + 0(r'^+^) 

Notice that 

= /i({x : -logd(x,xo) > z}) = p ({x : d(x,Xo) < e"^}) = p{Be-fixo)). 

We conclude that 

= p(0)e-'^" + 0{e-^^+S^). 

In particular, with w = p{0) 


as z ^ oo. 


^v{z) =we-^^ + o{e-'^^). 


□ 
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Remark 3.5. The assumption that the measure /i is smooth is stronger than necessary. 
However, in the settings where we apply this lemma, we are equipped with a smooth 
measure, hence we made this assumption in the lemma to simplify the proof. 


3.2. Exponential mixing for one-parameter flows. Decay of correlations often plays 
a central role in developing stochastic properties for a dynamical system. In this section 
we describe the rate of decay known for the one-parameter actions which we study. 

We remind ourselves of the main setup introduced in Section [LTl G denotes a connected 
semi-simple Lie group with hnite center and T < G is an irreducible lattice such that G/T 
is not compact, a* denotes a one-parameter subgroup of G and fi is the normalized Haar 
measure on X := G/T induced by the Haar measure m on G. The dimension of G is 
denoted d and g is the Lie algebra of G. 

The type of mixing which is known in this setting is exponential decay of correlations 
against the Sobolev norm of the observables. To precisely formulate this version of expo¬ 
nential mixing we need to define the Sobolev norm on the Sobolev space of X for which in 
turn we need to define what we mean by a derivative on X. We therefore define as follows 


Definition 3.6 (Derivative on X). The derivative of a function / : X —]R in the direction 
of an element C ^ 0 will be denoted and is defined by 

Dcf{x) = ^/(exp (tC)a^)|t=o- 

Definition 3.7 (fc’th Sobolev norm). Let {(Ci,..., denote an arbitrary basis for g. Then 
the fc’th Sobolev norm of a function / : X —)■ ]R with respect to {Ci,..., Cd} is denoted 
Skif) and is given by 

s,(jr = 11/112 + E (E • • ■ E ■ ■ --Dc.,/ 

1=1 \ni = l ni = l 



Let {Cl,..., Cd} be a fixed basis of g. For I = (ui,..., u;) G {1, ..., := Li we define 

the differential operator D^ = . We may then define the set 

iy(2,A:)(x) = [f eL\X): Bif G L\X) for all I G Li and every 0 < / < fc} . 

We then call the space equipped with the norm Sk, the Sobolev space of X. 


Definition 3.8 (Exponential mixing). We say that at has exponential decay of correlations 
against Sobolev observables if for all f,g ^ W^‘^’^\X) there exist constants d > 0 

and c > 0 such that 


f{x)g{atx)dfi{x) 


lx 



g djjL 


< ce-“S,(f)St{g). 


(3.1) 


In the setup described above we have exponential mixing. This is a consequence of 
different works by Harish-Chandra, Howe, Cowling and Katok-Spatzier. In the context of 
our work it is most convenient to use the following formulation of the exponential mixing 
property for at- First we need to define what we mean by at being partially hyperbolic. 
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Definition 3.9 (Partially hyperbolic). We say that the one-parameter subgroup a* C G is 
partially hyperbolic if the adjoint action Ad(at) has at least one eigenvalue different from 
1 in absolute value. 


Theorem 3.10 (Kleinbock and Margulis [ID]). Assume that at is partially hyperbolic. 
Then there exist constants c > 0, 5 > 0 and fc G N such that for any two functions 
(p,ij & and for any t>0, equation fl3.ip holds. 

3.2.1. Smooth approximations of characteristic functions. Theorem 13.101 provides us with 
a fast rate of decay, but the upper bound being given by Sobolev observables causes a 
variety of problems when trying to estimate EVD’s for one-parameter actions. The precise 
nature of these problems will be clear later, however, in general terms, the problem is that 
the observables to which we want to apply exponential mixing are not Sobolev functions 
but characteristic functions. Hence, we can not use the exponential mixing property of at 
directly. First we need to approximate the characteristic functions by smooth functions. 
The smooth functions that we use is the convolution of a particular smooth function and 
a characteristic function. In the following we discuss some of the technicalities necessary 
for constructing suitable smooth approximations. 

Recall that for functions (p : G —?■ R and : X —)■ IR, we define the convolution 
(p * : X —>■ R as 

{cp*i)){x)= / ip{g)i){g~^x)dm{g). 

Jg 

Lemma 3.11. Let A <Z X be measurable and let ip G C°°{G) be such that J^ipdm = 1. 
Then 


Also, for any ( & g we have 


d/i = /i(H). 


' X 


Dc^{iP*1a) = {Dc^ip)*lA and Sk{p * 1 a) < Sk{p)p{A). 


Proof. The first claim is an easy consequence of Fubini’s Theorem, the definition of con¬ 
volution and the fact that the action of G on X is measure preserving. Namely, we see 
that 


ip * 1 a dp = 


' X 



p{g)lA{.g x)dm{g)dp{x) 


X JG 


= / p{g) / 1^(5- x)dp{x)dm{g) 


'G 


IX 


= / pig) dm{g) / 1a{x) dp{x) 


'G 


IX 


= p {A) 
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To prove the second part let C ^ 0 and look at the integral 

[ exp{tC)x) dm{g). 


'G 


We do a change of variables by setting h = exp{—t()g. Then 


(p{g)lAig exp{tC)x) dm{g) = / (p{exp{tC)h)lAih x) dm{h) 


'G 


'G 


Using this we can calculate the derivative of the convolution 

d 
dt 

A 

dt 


{ip * 1 a ) = 


ex]i{tC)x) dm{g) 


IG 


t=0 


p>{exp{t()h)lAih ^x)dm{h) 


IG 


t=0 


'G 


A 

dt 


[V 9 (exp(fC)h)] \t=olA{h t) dm{h) 


= / {h)lA{h ^x)dm{h) 

Jg 

= {Dc_Lp) * Ia- 

It clearly follows that 

-^Ci • • • * 1 a) = (-Dci • • • -^Cd'd) * 1 a- (3.2) 

Taking the L^-norm and using the Young inequality for convolutions we get 

WiDc, ■ ■ ■ D^ip) * IaW^ < ||T)ci...T>Cd<^ll2l|lA|li 

= \\Da---DQ<p\\^p{A). 

It is then clear from the dehnition of the Sobolev norm that Sk{(p * 1a) < Sk{(p)fi{A). □ 


Let e > 0 and Al C X be measurable. We will approximate characteristic functions by 
smooth functions of the type ipe * 1a where (pe G C°°{G) is dehned as follows. First pick 
a coordinate chart a such that a~^{B{e,e)) C 5(0,5) C where e E G denotes the 
identity. On we pick a function ip G 0°°(R'^) such that supp(v9) C 5(0,1). Dehne then 
ip'^ on R'^ by 


where p denotes the density of the measure m with respect to the Lebesque measure on 
R'^. Finally dehne 

(p^-.= ip'^oa-^. (3.3) 


This function is easily seen to have the desirable properties that pe dm = 1 and 
supp(v9£) C 5(e, 5 ). Notice also that by doing a change of variables we get that for 
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£ > 0 sufficiently small, 




ip{e x)p{x) dx = e 


'5(0,e) 


(p{x)p{ex) dx 


for some constant C* > 0. Hence for £ > 0 snfficiently small, ^'^{x) = Ce~'^p{e~^x) for 
some constant C > 0 . 

We will often need the following estimate. 

Lemma 3.12. For sufficiently small e > 0 we have 

Sk{iPe) = O . 


Proof. For arbitrary G 0 we have 


D<;,Fe = 


-1 




- 1 , 


exp(tCr)a;) 


t=o 


In the following let x = {xi,... ,Xd) = cr and a{x,t) = {ai{x,t),... ,ad{x,t)) 
(T“^(exp(t^r)a^)- Using the chain rule we compute the derivative. 


dt 


99^0(7 ^(exp(t^,,)a;) 


1=0 


E dai d(p' . ,, 


. ^=1 
d 


dt dxi 


i=0 


E doci 

m 


i=l 

d 


[X 


E doij 

nr 

i=l 


. ^ 

t=o dxi 

1=0 dXj 


= e"U+i) 


E 

2=1 


dai 

dt 


1=0 dXi^ 


Now, set 




dai 

dt 


1=0 


dip 

dxi 
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and notice that V’ is a smooth fnnction. Let again p denote the density of p with respect 
to the Lebesqne measnre on From the above we get that 


\^Cr^e\\ 2 =\\^ (<^+1) I / ^x)'\ p{x)dx 


_ g,—(d+1) 




'X 


'X 


>x 


{x)f p{ex)e'^ dx 
(a:)|^ p{ex) dx 


= O , 

It is easy to see that for higher order derivatives we get 

and from the dehnition of the Sobolev norm, 

StW,) = O (£-‘U'=>) . 


(3.4) 


□ 


4. General estimates for EVD’s of one-parameter actions 

In this section we establish the general theory from which Theorem ll.il [T73] and II.51 will 
follow. First we introdnce the necessary notation and dehnitions. 

4.1. Notation and setnp. Let G denote a Lie gronp, F < G a lattice and set X := G/T. 
Let p denote the Haar measnre on X which is indnced by the Haar measnre m on G. We 
assnme that F is chosen in snch a way that X has hnite measnre with respect to p. Assnme 
also that p has been renormalized to a probability measnre. Let a* denote a one-parameter 
snbgronp of G and let d denote the dimension of G. Let g denote the Lie algebra of G. As 
usnal Ad(ai) denotes the adjoint action of If Ad(at) is diagonalizable, then there exists 
an eigenbasis W = {Ci, • • • , Crf} of 0 snch that for every C,r ^ W there exists y,. G IR snch 
that 

Ad(aOCr- = (4.1) 

Let rrij denote a seqnence in R. Also, let and jdn denote seqnences of natnral nnmbers 
for which < fdn, ^ oo and /3n — an oo. Recall that Nn ■= fdn — an + 1, 
In = ..., and for an observable D : X —)■ R we write 

Mir^{x) = ma.xV{aix) = max V{amiX). 

We make the following assnmptions thronghont the section. 
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(1) Assume that Ad(at) is diagonalizable and fix an eigenbasis W := {0, • • • , for 
Ad(at). Set also throughout 

7 := max 7 *, (4.2) 

l<i<d 

where ji satisfies (HU 

( 2 ) Assume throughout that the Sobolev norm Sk is defined with respect to the fixed 
eigenbasis W. 

(3) Assume that the one-parameter action at has exponential decay of correlations in 
the sense of Definition 13.11 


4.2. Maximal excursions. In this subsection we prove a general result from which 11.11 
and Theorem 11.51 will follow. In those theorems we were concerned with the observables 
d(-,a:o) and A(-). In this section we look at a general observable "D : X —)■ K, which we 
characterize according to the asymptotic behavior of its tail distribution function. We state 
the first main theorem of this subsection. 


Theorem 4.1. Assume that rrij G IR satisfies 

hm - < mm 1, -— , 

j^oo rrij \ kj J 

where k, S are as in fl3.ip and 7 as in fl4.2p . 

A) Assume V is {w,v)-SDL for some positive constants w and v. Then for Un{r) = 
r + ^ log Nn we have 

hm /X < Un{r)) = 

n—>-cxD 

B) Assume V is {wi,W 2 ,v)-DL for some positive constants Wi,W 2 andv. Then for Unir) = 
r + ^ log Nn we have 

g-me ^ ^ < Un{r)) < lim {Mj^ < Un{r)) < 

n^oo n^oo 

Remark 4.2. For notational simplicity we will write Un instead of Un{r) whenever the 
dependence on r is not important. 


Preparations for the proof of Theorem f.l. In the following we prepare for the proof of 
Theorem 14.11 While the preparations are on the heavy side in terms of technicalities, 
they serve to lighten the proof of the theorem itself. The overall structure of the proof is 
described by the following three steps. 


Step 1) Rewriting pi < Un) as an integral of a product of characteristic functions and 
approximating the characteristic functions by smooth functions. 

Step 2) Applying exponential decay of correlations to the integral of a product of smooth 
functions in order to obtain an expression for the error term between the integral of the 
product and the product of integrals. 
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Step 3) Deriving an estimate for the error term which shows that the error term vanishes 
in the limit and that the product of integrals of smooth approximations and the integral 
of the product of characteristic functions agree in the limit. 

The technical and computationally tedious parts of these three steps are taken care of 
in this section. 

For fc G N and (F > 0 we say that -0 G C°°(X) is (C, A;)-regular if 

< C f tjj d^. 

Jx 

For some function "D : X —)• R, set V{r) = {x : V{x) < r}. We are interested in approxi¬ 
mating the characteristic functions 1v(un) by (C, /c)-regular functions. This is done in the 
following lemma. 


Lemma 4.3. Assume that "D : X —R zs uniformly continuous. Then for any A; G N and 
any 5 > 0 there exist e > 0, = O ^£“( 2 +^)^ > g and two {Ce,k)-regular functions gn,e 

and hn,e such that 

9n,s — ^ hji^e — 1 

and 

fl{V{Un-S))< / gn,edfl< / hn,e dfl < {V{Un + S)) . 

Jx Jx 

Proof. For e > 0, dehne the sets 

V'{un, e) = {x e V (Un) : d{x, dV («„)) > e} 

V"(un, e) = {x e X : d(x, V(un)) < e} . 

Clearly V'(un,e) C V{un) C V''{un,£). Let 5 > 0 be given. It follows from uniform conti¬ 
nuity of V that we can hnd an e = £(5) >0 such that d(a;, y) < e implies [D^x) —V{y)\ < 5. 
This implies that V{un — 5) C. V'{un,s). To see this, assume hrst that x G V{un — 5), 
i.e. V{x) < Un — S. Let y G dV{un) which means that V{y) = Un. Together this 
gives 5 < Piy) — T>{x) which implies d{x, y) > e hj uniform continuity. This shows that 
X G V'{un,e). It follows by the same argument that V"{un,£) C V{un + 5). So we have 
that for any 5 > 0 there exists an e > 0 such that 

V{Un - 5) C WK, £) C W'K, e) C V{Un + 6). (4.3) 

For every 5 > 0 we dehne the functions gn,e and ^ as 

9n,e Pe * ly'(u„,£) and hn,s * ly"(n„,£)5 

with as dehned in fl3.3p . For notational simplicity we will omit writing the dependency 
of £ on 6. By taking measures in fl4.3p and using Lemma 13.111 we get 



9n,e dp — 



hn,edp < p(y{Un + S)). 


fi(y{Un-S)) < 
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The definition of gn,e and hn,e also implies 

9n,e — ^V{un) — hn,e — 1 - 
To see this, we first rewrite gn,e as an integral, 

9n,s{^) 1 V"(n„,£) {9~^x) dm{g) 



(4.4) 


G 


^e{9)'^9V'{u„,s){x) dm{g). 


B(e,£) 


If X ^ gV'{un,e) then the first inequality is trivial. Assume therefore that x G gV'{un,s). 
This means that we can write x = gy where y G V'{un-s) and hence d{y,dV{un)) > £• 
Since g G B{e,e) we see that gy G V{un) which means that gV'{un,s) C V(un)- This 
proves the first inequality in fl4.4p and the second is proved the same way while the third 
is obvious. 

The (Ce, fc)-regularity of gn,e follows directly from Lemma 13.111 with = Skiffs) since 



Sk {^Pe * ly'(n„,e)) ^ Sk^'pe^y (V 


By the same argument hn^e is {C^, fc)-regular. By Lemma [3. 121 we have that for sufficiently 
small e>0,C, = O (^£-( 5 +'=)). □ 

Exponential mixing, as we define it in Definition 13.11 is also known as exponential 2- 
mixing since it describes the exponential rate of decay of correlations between two observ¬ 
ables. As will be clear later in the proof of Theorem 14.11 we will be given an integral 
of a product of multiple observables and we will be interested in estimating the decay of 
correlations of the entire product. In the following we show which estimate is obtained by 
repeatedly applying 2-mixing to said product. 

For any integers ii < let 



Lemma 4.4. Let rrij G IR a fixed sequence. Then for e: > 0 sufficiently small, 


L 


G(a„,/3„) dy 


(/. 


9n,e dy 



s=an+l 


and 



(/. 



s=an+l 
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Proof. For any C > 0 and k E ¥\\et denote a (C, /c)-regular function such that J^^|J d^i < 
1. Set 'iptix) = fj^arntx) and for any integers ii < * 2 , set 


The idea is to write 


■^(* 11 * 2 ) V’ii ■ ■ 


and apply exponential decay of correlations to this product. Doing this we get 


IX 


F{aMdp- / FMr^-i)dp 


lx 


lx 


(4,5) 


We again apply decay of correlations, this time to F(^ari,/3n-i)i^) = 
and we obtain the estimate 


IX 


IX 


dfi - F(«„,/3„-2) dn I fjdfl 

Inserting this in fl4.5p gives 

F{an,l3n)dp~ / ( 1/4 




lx 


lx 


lx 


f) dfij 


+ (f(a.,,s„- 2 )) Skiii) yj i>dii 


We continue by estimating F(a,k,Pn-s) dfJ^ for all 1 < s < /9„ —a„ + l using the exponential 
2-mixing. The calculation terminates for s = — 1, i.e. when we have the estimate 


F 


IX 


(oin,Oln + l 


)djji 


d^ Ipdfl 


IX 


IX 


IX 


F(an,an+l)d^ 


f) djj, 


IX 


Inserting all the estimates, one after the other, into fl4.5p we get that 

N, 


IX 


F{an,l3n) dfr 


xf) djj, 


lx 


pn / r ^ ^ 

^.Sk(X) ( /yxifi 

s=o„-|-l 


IX 


Since we have assumed dp < 1, we can simplify the expression above to get 


lx 


F^a^dp- { i’dfi 


N„ 


«Si(V>) e-*”-SPF, 1 ) , 


s=an+l 


Finally, for £ > 0 sufficiently small gn,e and hn,£ are both {C^, /c)-regular functions with 
integral bounded by 1 and Lemma 13.111 and Lemma 13.121 imply that Sk{gn,s) and Sk{hn,e) 

are both bounded by O ^£“( 2 +*^)^. Hence, setting fj = gn^e 01 ip = hn,e completes the 
proof. □ 
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We need estimates on the error terms in Lemma 14.41 that are explicit in n and e. For 
this we need to understand the Sobolev norms of the functions and H(^an,c) for 

C(n < c < f3n- This is the content of the next lemma. 

Lemma 4.5. Assume that rrij is increasing. Then for £ > 0 sufficiently small 
Sk {Gio.^,c)) = O ((c - «„ + 

and 

Sk = O ((c - «„ + . 


for any an < c < 


Proof. Throughout the proof, let = ife^lA where A C X is measurable and ips is dehned 
as in fl3.3p . Notice that 'ip < I since J (p^dm = 1. Set again = fj{amtx) and for any 

integer an < c < (3^ set 


S' ■ f’an ■ ■ 't/’c- 


In order to obtain an upper bound on Sk{F) we derive an upper bound on 

which is independent of ni ,... ,ni. However, we begin by proving the 
lemma in the special case of fc = 1 which we do by deriving an upper bound on 
which is independent of r. The k = 1 case is simpler in terms of notation but still demon¬ 
strates the main ideas of the general estimate. 

Let Cr £ hF be arbitrary. Using the product rule we get 


D(rFix) = ^ (exp(tCr)a:) • • •'0c(exp(tCr)a:)] 

d 


i=0 


V'a„(exp(tCr)ai) • • ■ —'0s(exp(fCr)a:) • • • '0c(exp(tCr)a:) 


E 

S = OLn 
C 

^ V’a„(a:) • • • — ['0,(exp(fCr)a:)] |i=o • ■■'> Pc { x ). 


1=0 


(4.6) 


d 


We can rewrite V’s(exp(fCr)a^) as follows. 

^jJs{exp{tCr)x) = ifiam, exp(fCr)a;) 

= V’(am, exp(fCr)a-m,am,a:) 
= i/’(exp(fAd(amJCr)am,a;) 
= i/’(exp(te'^"™'’Cr)am,a(). 
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Recall also the well-know fact that for any a G IR we have Da(^ = aDc_^. Using this we get 


^ [^.(exp(tCr)a:)] |i=o 


d_ 

dt 


(exp(fe'^"”"'’Cr)am.a:)] |i=o 


— Dgrirms(^^'ll){^amaX) 

Inserting this in fl4.6p gives, 

C 

DcrF = ^ ■ ■■'<pc{x 

S = (yn 

Taking the L^-norm we get 

l|DcTll2 = 


X] '^c,u{x) ■ ■ ■ D(^^'tp{an,^x) ■ ■ ■ 'tpc{x) 

c 

S=-(y.n 

c 


S —Qtt, 

C 

< E ll^cAII^. 

S=0'ri 


(4.7) 


where the last inequality holds since < 1. Recall that 7 = niaxi<j<t; 7 j and recall also 
from the proofs of Lemma 13.Ill and 13.121 that ||Z 1^-^||2 < ||Zl^(p £||2 = O ^£“^ 2 +i)y Then 


d c 


s,{Ff = ||F||= + 5^ iiBc.Tii^ < itiij + E E lkc.7ll 


ni=l 


ni=l s=an 
d 


<ITIlUE(F-“" + l)e”"'U<. 


1 F M2 


ni = l 


It follows from this that 


Si{F) = O -t- l)£-(^+^)e^”^'=) . 


Having understood how to estimate the hrst Sobolev norm of F, we can proceed to estimate 
the fc’th Sobolev norm of F. In this case we are looking at uniformly estimating the L^- 
norm of all derivatives of the type Writing down an exact expression for the 

result of applying the product rule to F, I times, is notationally complicated and provides 
little enlightenment. Instead, consider that since F is a product of (c — -|- 1) functions. 
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becomes a sum containing a total of (c — + 1)^ terms. Fix a number 

1 < P < (c — cin + 1)^- Then the p’th term of this sum is of the form D 
where denotes the differential operator applied to the function ips in the p’th term of 
the sum. For every p, the total order of D^"‘\ ..., Dp^ equals 1. Say that the order of Dp^ 
is q{s) < 1. Then we can write as 

where rii,..., Uqi^s) G {1,..., d}. Repeated application of fl4.7p gives 

Since the total order of D^"‘\ ..., equals /, or in other words, q{an) + • • • + q{c) = I, 
we get 

||Di""Vv.(i) ■ ■ ■ DPMx)\\^ < e'”"- ||(r>J»->^) • • ■ (0^4,) (o„.i)||, 

<'i‘””'IIFFV)IL'"|IW'V)IL. 

It follows from equations (13. 2 j) . fl3.4jl and the Young inequality for convolutions that 

IlDpV'lL < l|r>tVclt II 1 a|I 2 < llc<*V,|t = o (e-(J+«w)), (4.8) 

Notice that for c —a,i +1 > I, at most I of the operators D^‘^\ ..., are not the identity. 

• • ■ (we can bound c — «„ + 1 — / 

X) \ / oo 

use (14. 8 1) to estimate the remaining I factors. 


4“"V) 


This means that in the product 

of the factors uniformly by 1 while we mus 
Using this observation we get 


• ■ ■T>i"Vc(a:)||2 = O (^e^'rmc^-{{l+qM)+-+{l+qic)))^ 
Since this bound holds for all 1 < p < (c — + 1)^ we see that 


Dc ■■■Dr F = 

l,ni II 2 




and consequently 


Sk{F) = Sk {F^a„,c)) =0(^{c-an + . 

Since gn,e ^md £ both satisfy the dehnition of ip, the bound on the Sobolev norm holds 
for both F = and F = □ 

Combining Lemma 14.41 and Lemma 14.51 we get the following estimates for the increasing 
sequence nij and all £ > 0 sufficiently small. 

GioMdl^- ( ^ (4,9) 

'' S=«n + 1 


IX 


>X 
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and 


' X 






>X 


Nr, 


< £ 2 


-|(fc+i)-2fc (4.10) 


S=Q:n-|-l 


This completes the preparations for the proof of Theorem 14.11 


Proof of Theorem f.l. In the following we prove part A) of the theorem. Part B) is almost 
identical and we make a comment on this at the end of the proof. So in the following assnme 
V is (tc, n)-SDL for some constants w > 0 and n > 0. We begin by rewriting the qnantity 


< Mn) = /i max V{amrX) < n, 

as an integral. Recall the notation V{un) = {x : ^{x) < m„}. By definition of the maximnm 
we have 

/I ( max V{amjX) < «„ ) = P < u^, ■ ■ ■, V{amp^x) < u^) 


= / ^ 
Jx 




dfl, 


I ■ ■ ■ Ipinn) 

Jx 


Lemma 14.31 and eqnation fl4.1ip imply that 


(4.11) 


'X 


Cf{a„,l3n) < fi i^In — '^n) ^ dp- 


'X 


Notice that the assnmption that limj_).oo < min |^1, ^j means that rrij is increasing 

for j > jo for some snfficiently large jo- It then follows from fl4.9p and fl4.10p that for 
snfficiently large n and snfficiently small £ > 0, 

\Nn / Jri 

gn,edA -o £-|("+b-2A: ^ 


'X 


< P Mj^ < Ur 


s=an-l-l 


Nr, 


(4.12) 


'X 


< / K,sdfi] +0 £-2('=+b-2fc Y 


s=an-l-l 


The task is now to determine the limit, if it exists, of the npper and lower bonnd. First 
we take care of the error term. 
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and p > 1 such that for all s > Sq we have 


The assumption that hms_^oo ^ < min (1, ^ ) means that there exist some Sq ^ hvf 


ms-i 1 . S 

< — < mm 1, 
rris p 


k'j 


From this we see that 


Consequently, for all s > Sq, 


rus > prus-i > ■ ■ ■ > p °mso- 


k'yms-i — SrUs = iris ( ^7 


rus-i 


rris 


S < rUsoP 


-so 


k'y 

P 


5 p* < 0. 


Set cr = —itIsqP — 5^ >0. Then, since — )■ oo for n — )■ oo, we see that for 

sufficiently large n G N we have 

/3n OO 

S=an + l S=OLn + l S=an + 1 

The ratio test shows that the series converges and hence the right hand side goes to 0 as 
n —)■ oo. This proves that 




(4.13) 


s=an+l 

for n —)■ oo. 

Returning to the main terms, we claim that 

I I 

lim lim / 

5—>-0n—i-oo ^ 


gn,e dp = lim lim / hn,e dp 
(5—>-0 n—i-oo \ J^ 


Nr, 


= e 


(4.14) 


To see this we hrst look at the limits for n —)■ oo. Recall from Lemma 14.31 that for any 
5 > 0 we can hnd £ = £(5) > 0 such that 


p{V{Un- d)) < / gn,edp< / hn,e dp < P {V{Un + S)) , 


(4.15) 


'X 


'X 


and hence 


p {V {Un - S))^" < { I gn,edp] <( / K,edp] < P {V{Un + S))"''" . 


' X 


Nr, 


'X 


Nr, 


■,Nr, 


Recall that Un{r) = r + - log Using the {w, n)-SDL property of V we get. 


y^g-i;(r-(5) / Q-yir-S) 

1-7T- + 0 


Nr,. 


Nr,. 


Nr, 


< 


< 


IX 


9n,t 


hr, 


IX 


Nr, 


Nr, 


^„-v{r+S) / p-vp+S) \\^' 

< ( 1-7^- +0 


Nrr. 


Nr,. 
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To compute the limit of the upper and lower bound we hrst rewrite as follows, 

Nn n . _ 

We then estimate the right hand side using the second order Taylor expansion of log(l + a;), 
that is, log(l + x) = X + 0(x‘^). Inserting the resulting estimate and taking the limit for 
n —)■ oo gives 

( p \ Nn / r \ 

/ 9n,edfi] < lim ( / Vd/x) < 

Jx J \Jx J 

Therefore the claim is proved by letting d —)• 0. 

It then follows from fl4.14l) and fl4.13p . that when we take the limit for n —>■ oo and then 
the limit for d —)■ 0 in fl4.12p . we get 

lim /i (M/^ < Ur) = e""'® 

n^oo 



which proves part A) of the theorem. 

The proof of part B) is essentially identical to the proof of part A). The only real 
difference occurs following eqnation fl4.15p where we apply the DL property instead of the 
SDL property. For some positive constants wi,W 2 and v we then get 


wie 


—v{r—S) 


Nn, 


< 


9n,e — 


hn,£ ^ 1 


W2e 


—D(r-|-( 5 ) 


IX 


IX 


Nn 


which gives the desired ineqnalities when raising to the power Nn and taking the lim and 
lim for n —)■ cxo. In fact, the proof of part B) by itself would be easier as we can leave £ 
hxed since we do not have hopes of an exact limit. This would simplify the estimates of 
the Sobolev norms in Lemma 14.51 as we would not have to keep track of the dependency 
on the parameter £. 


4.3. Closest distance returns. In this snbsection we prove a general result from which 
Theorem 11.31 will follow. Recall that, for a hxed point xq G X, 

V{) = -logd(-,xo) 

does not satisfy the criteria for being a (w, d)-SDL fnnction since it is not nniformly con- 
tinnous. However, recall from Lemma 13.41 that for some tc > 0 

^{{x : V{x) > z}) = + o(e“'^^) 

as z ^ oo. The following result is a closest return analogue of Theorem 14.11 but the lack 
of uniform continnity means that we need to make stronger assnmptions. The statement 
is as follows. 


Theorem 4.6. Let p ^ 


^snp^gjN j ■ Assume that rrij G IR satisfies 


rris-i 
snp- 

sSN HT-s 



< mm 
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where k, 6 are as in 63 and 7 as defined in fl4.2p . Assume further that 

= (4.16) 

where a = — 5^ >0. Then for Un{r) = r + ^ log iV„ and all Xq E X we have 

lim (M/„ < ufir)) = 

n^oo 

Since the conditions of Theorem 14.61 are rather technical, we give a simple example for 
which the conditions are met. 

Example 4.7. Let g G R and set ruj = qfi It is then clear that for sufficiently large g G IR 
we have the inequality 


sup 


ruj-i 


j&¥S rUj 


= - < min 1, -— 




k'y 


With this choice of mj we see from condition fl4.16l) that the assumptions of Theorem 14.61 
are satished when we make the simple choice fin = 2n and = n. It then holds true that 
for some tc > 0, 

( 


lim p ( max — log d(agjX, xq) < Un{r) = e 

n—>-oo J 

Notice that we can pick and fin such that iV„ grows much faster. However, we made 
the given choice to obtain a simple and intuitive statement. 

Proof of Theorem \4-0 l The proof of Theorem 14.61 is very similar to the proof of Theorem 
O The strategy is the same and we can reuse Lemma 14.41 and 14.51 with only minimal 
alterations. However, we need a modified version of Lemma 14.31 This is a consequence of 
— logd(-,Xo) not being uniformly continuous. 

Set V{r) = {x : V{x) < r}. We want to approximate the characteristic functions lv(u„) 
by (C, /c)-regular functions. Notice that 




V(Un) lli?(xo,e““") 

Lemma 4.8. For every k E ¥\, any a; > 0 and any n E ¥\ we can find two (Cn,Lj, k)-regular 
functions gn,uj and hn,uj such that 


— un fc. 


9n,Lj — — 1 


and 


/i {B{xo,e 


— Un+t<J'\C\ _ 


)') = / dpt< dfi ^ fi (B(xo,e ")‘) 


(4.17) 


lx 


lx 


Proof. For any a; > 0 we have 

B{xo,e-'^-+^y C B{xo,e-^-Y C B{xo,e-"Y 
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Set £ = en,ui = e (1 — e and let tpe be defined as in fl3.3p . We then define the fnnctions 
Qn,uj and as 

9n,u and h^^u) • 

With this definition fl4.17p follows directly from Lemma 13.111 We also get 

9n,ui — ^ !• 

To see this, we first rewrite 9n,uj as an integral, 


(4.18) 


'G 


'B(e,e) 




Its clear that if 9 B{xQ,e~^'^~^‘^Y C B{xo,e~'^'^Y then the first ineqnality of fl4.18l) is es¬ 
tablished. So assnme x G 9B{xo,e~'^"~^‘^Y- Then we can write x = 99 where y G 
B{xQ^e~'^'^~^^Y- This means that d(|/, (9i?(xo, — 1) > £• 

Hence 99 G B{xo,e~'^Y^ 9B{xo,e~'^^~^‘^Y “T i?(xo, The second ineqnality of 

fl4.18p is proved similarly and the third inequality is trivial. 

The A;)-regularity of 9n,Lo follows directly from Lemma [3.111 with Cn,Lj = Sk{(Pe) 

since 


^ (^B(^Xq, C ) ^ I 9n,LL}dfi- 


'X 


By the same argument hn,i^ is {Cn,uj, A:)-regular. 


□ 


Again we begin the proof by rewriting the quantity 


Ai(Tf7„ <Un)=9[ max 'D{x) < Wn , 

as an integral. By definition of the maximum we have 

p( max V[am,x) <uA =9 (V{am^^x) < Un, ■ ■ . ,'D{ams) < “n) 
\^ n < j<Pn J 


For any integers ii < ^ 2 , set 


^2 


^2 




i=i\ 


l=ll 


Lemma 14.81 and equation fl4.19p then imply that 


(4.19) 


/ Iv'(nn) dy^x). 
J X 


I ^{an,Pn) dy < 9 ^ Un) < / H{an,l3n) dy- 

lx Jx 
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For Qn^ui and hn,u} the analogues of fl4.9p and 04.101) are, that for sufficiently large n, 


I G(^an,l3„) dfi 9n,u)d^ 


Nn 


-|(fc+l)- 2 fc 

S = Q!n + l 




and 


di[dnjpn) d^' I / dfx 


' X 


>x 


Nr, 


■C £ 


-f(fc+l)- 2 fc 


s=an+l 


^k"fms-i—Sms 


(s - anY 


This implies 


>x 


Nr, 


9 n,. d/i ) - 0 { 


< 9- < Ur 


s=aTi+l 


Nr, 


(4.20) 


’X 


<( / hrr,^dfx] +0\er,f^"'’ (s - 


S = On + l 


Again, we want to determine the limit, if it exists, of the upper and lower bound as n —)■ cxd 
and a; —)■ 0 and we begin by looking at the error term. First we make the trivial estimate 


_ d 
En.io 


-f(fc+l)- 2 fc 


9 r, 


Y, '\(3rr-arrf Y 


^k-yms-i-Sms 


s=o„+l 


s=an+l 


We now look at the sum in the error term. Since sup^gj^j ^ ^ we see that for all s G N 


rus > prris-i > ■ > P^nro, 


and consequently. 


k'yms-i — SrUs = iris ( ^7 


rris-i 


m.s 


d I < mo 


k'f 

P 


d p* < 0. 


Set a' = —mo — dj >0. Now, since p > 1, we know that for s G N sufficiently large 
we have that p^+* > p® + i and hence 
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Consequently, for n G N sufficiently large we can write 


Pn 


f^n 


E ' 

s=an+l 


^k-ynis-i—Sma _ 


E 


e-'Y < E ie- 


< le 

i=pO‘n 


( 4 . 21 ) 


= O I e-"''’"" 


Finally we look at the rest of the error term. Recalling from Lemma 14.81 that en,uj = 
e-“"(l - e“‘^), we get 


-f(fc-M)-2fc 




= 0{Nn 




(4.22) 


Here we considered r and uj constants since we are currently focusing on the limit as 
n —>■ oo. Hence for n G N sufficiently large we have, 


-f(fc+l)-2fc 

^n,uj 


Wn - anf Y. = O I " , I ^ 0 

s=an+l 


g(7'p“" 


(4.23) 


for n —)■ cxo. The convergence follows from the assumption in 04.161) . 
For the main terms we claim that 


uj—>-0 n—>oo 


'X 




lim lim I / gn,uj dfi J = lim lim I / d/i ) = e 


oj—1-0 n—l-oo 


'X 




(4.24) 


To see this we hrst look at the limits for n ^ oo. It follows from Lemma [4.81 and Lemma 
13.41 that 


'X 


9n,. dgi = 9 i {B{xo, = l-w + o 

/ hn,u^ d/i = /X {B{xo, = l-w (e-'^(“-+‘^)) + o . 

Jx 

Recall that Unir) = f ^ logn. Raising to the power Nn we get 


'X 


Nn / ^^d(-r+u)) ^ ^d{-r+uj) 

gn,iO d/i ) = ( 1- tT -h O 


Nr, 


Nr, 


Nn 


< X 


Nn 


y^gd(-r-a;) ^gd(-r-aj) 

K,ui d/i ) = ( 1-77-h O 


Nr, 


Nr, 


Nn 
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To compute the limit of the two right hand sides above, we hrst rewrite as follows 


yj^d{-r±uj) / ^d{-r±w) 

1- TT -h O 






Nr, 


= e 


Nn log 1- 


-+0 


We then estimate the right hand side using the second order Taylor expansion of log(l + x), 
that is, log(l + x) = X + 0{x^). Inserting the resulting estimate and taking the limit for 
u —>■ oo gives, 

/ 9n,a:dfi] < hm ( / 

Jx J \Jx J 

The claim is then proved by letting a; ^ 0. It then follows from fl4.23p and fl4.24p that 
when we take the limit for n —)■ oo and then for a; —)■ 0 in fl4.2np . we get 

hm /i (M/„ < Un) = e""'*' 

n—>-co 


This proves the theorem. 


4.4. Finalizing proofs of main results. The only thing left to do to prove Theorem 
and 11.51 is to argue that the assumptions of Theorem 14.11 and 14.61 are satished. It 
follows from Theorem 13.101 that in the setup of Section 11.31 and 11.41 at has exponential 
decay of correlations. This shows that Theorem 11.31 follows from Theorem 14.61 Also, from 
Theorem 13.21 we know that d(-, xq) is (wi, W 2 , u)-DL for some positive constants Wi, W 2 and 
V. From Theorem 13.31 we know that A is (tc,(i)-SDL for w = 2 ^^- Theorem 11.11 and 11.51 
then follow from Theorem 14.11 


5. General theory for exceedances by one-parameter actions 

We now proceed to the general theory from which Theorem 11.2111.41 and 11.61 will follow. 
Many aspects of the proofs are similar to the proofs presented in Section 01 but some 
alterations and new ideas are necessary. 

First we need to rewrite the distribution function of the fc’th largest maximum of a general 
stationary process The computation is basic and essentially only contains straight 
forward set and measure theoretic arguments. However, the resulting expression from this 
derivation will be used often throughout this section, hence we have dedicated a separate 
section to it. 

5.1. The distribution of the /c’th largest maximum for a stationary process. Let 

(X, P) denote a probability space. Let be a stationary sequence of random variables on 
X. For any subset / C N we will denote the /c’th largest maximum by 

= max('')(^i), 
iei 

by which we mean the /c’th largest for i ^ I where k < \I\. We are interested in the 

(k) 

limiting distribution of M) , i.e. the limit 

hm P fiVff ^ 

n^oo \ / 































EVD’S FOR ONE-PARAMETER ACTIONS ON HOMOGENEOUS SPACES 


29 


for certain choices of interval /. In order to estimate this limiting distribution we begin by 
rewriting the set ^Un^- First we see that 

< Un] = {m]') < Un] U |Mj') > U^, MP <Un] 

k 

= U y > Un, . 

i=2 

Clearly the sets in the union are disjoint, hence 

k 

P (ikff ^ < Un) = P(Mj') < Mn) + P > Un, < U^) • (5.1) 

i=2 

In the previous sections we have already derived estimates on the limit of P(Mj^^ < Un) so 
we focus on the limiting distribution of the sets |Mj* > Un, for 2 < i < /c. 

We can write this set as a union of disjoint sets as well, but first we need to introduce some 
additional notation. In the following let rrij be a subsequence in N, let a < 6 be integers 
and set / = {ma,ma+i,... ,mfe}. Set N = |/| = 6 — a + 1. Let S^j'^ denote the set of all 
distinct subsets of I with cardinality i — 1. We can then write 


> Un,Mf ^ < = IJ 

(n {& 

> Un} n 

JesP 

\jeJ 

j&I\J 


As an example we see that for i = 2 this union simplihes to 

b / b 

> Un, MP < Mn} = IJ I {6 > Wn} n Q < Un} 



i=a \ j=aj^i / 

{'Ca ^ Ca+l ^ • • • ? — ^n\ 

U ^ Ca+1 ^ 'Ca+2 ^ • • • 5 "Cb — ^n} 


U{ea< '^ni ia+l< Uni ' ' ' 1 ib > Un} . 
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As the sets in the union are clearly disjoint we get 

‘ / 

u n ^ n 


P > u^,Mf <uA =P 




iG/V 


/ 


P I {'Cj > ^n} n < Un} 


Jesj 


0) \jeJ 




Re-inserting this in flh.ip gives 


P (Mf^ <Un] = P(M/^ <u 


( 1 ) 


p 1 n ^ n 

j€i\j 


(5.2) 




This way of writing the distribution of the /c’th largest maximum will be used several time 
throughout the section. We notice that a way of deriving an estimate on the limiting 
distribution of the /c’th largest maximum is to derive an estimate on the probability 


P 


n >^n}n fl {e,- 

jeJ j&i\j 





which is independent of the choice of J G 




5.2. Notation and setnp. We return to the setup introduced in Section 14.11 which we 
briefly recall, rrij denotes a fixed sequence in IR. and (3n denote sequences for which < 
I 3 n, On -)■ oo and f 3 n - an ^ OO. Set Nn := / 3 n - an + I and ..., m^„}. 

We also recall the general assumptions of the section, namely 

(1) Assume that Ad(ai) is diagonalizable and £x an eigenbasis W := {Ci, • • • , Crf} for 
Ad(at). That is for every G W there exists G IR such that 

Ad{at)Cr = e^-^Xr. (5.3) 

Set also throughout 

7 := max (5.4) 

\<i<d 

where y^ satishes (1531) 

(2) Assume that the Sobolev norm is defined with respect to the hxed eigenbasis 

W. 

(3) The one-parameter action a* will be assumed to have exponential decay of correla¬ 
tions as dehned in Definition 13. II 
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5.3. Maximal excursions. In this section we prove a general result from which Theorem 
11.21 and 11.61 will follow. Let D : X ^ R denote a measurable function and set 

^i(x) = V(aix). 

In this section we will look at the Vth largest maximum to avoid notational confusion with 
the degree of the Sobolev norm for which we use the parameter k. 

We are ready to state the hrst main theorem of the section. 

Theorem 5.1. Let p~^ = ^sup^gj.^ Assume that mj G R satisfies 

(rUs-A ■ f, ^ \ 

\ rus J V A J 

where k,6 are as in fl3.ip and 7 as in fl5.4p . Assume further that 

^ (^ - 5 ) >0. 

A) Assume V is {w,v)-SDL for some positive constants w and v. Then for Un{r) = 
r + ^ log Nn we have 


Ihn /i < uAr)) = e 


{we-A^ 


i=0 




B) AssumeV is {wi,W 2 ,v)-DL for some positive constants wi,W 2 andv. Thenforunir) = 
r + - log Nn we have 


—wie 


l-l 

E 

i=0 


{W2e-A' 


< lim /i [Mf^ < Un{r )) < 


lim p < Un{r )) < e 


—W2e 


E 

j=0 


{wie~ 


i\ 


Recall equation fl5.2p stating that 


h {Mf} < Mn) = < Wn) + ^ /^ ( n ^ n ^ • (5-5) 


\ieJ 


j&In\J 


The idea is to derive upper and lower bounds on the probability 


L 1 n > Mn} n Pi Aj < Mn} j , 

that are independent of the choice of J C We do this similarly to how we estimated 

T ifruan E Un, . . . , E Hn) 
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in the proof of Theorem 14.11 The procedure is to a great extent identical, however, some 
alterations are necessary. 

Set V{un) = {^0 < Un\ and U{un) = V{unY = {^0 > Un\- In Lemma US] we approxi¬ 
mated the function ly(u„) by smooth functions. In this case we need to approximate 1u{un) 
as well. Fortunately, this follows almost immediately from the proof of Lemma 14.31 


Lemma 5.2. Assume that "D : X —)■ R is uniformly continuous. Then for any k E ¥\ and 
any 5 > 0 there exist e > 0 and 0^ = 0 ^£“( 2 +^) j > g such that for every r G IR one can 
find two {Ce^k)-regular functions and h'^^ on X such that 

9n,e — ^U{u„{r)) ^ h^^^^ < 1 

and 

/i(f/K(r) + 5)) < [ gYedT< [ < i^{U{un{r) - 5)). 

Jx J X 

Proof. The proof is identical to the proof of Lemma 14.31 With e = e{6) >0 being as in 
Lemma 14.31 the approximating functions are dehned as 

9n,e ~ Te * lc/'(ttn,£) ^n,e ~ Te * '^U"{un,s) 

where 


U'{un, e) = {x eU (Un) : d(a;, dU (m„)) > e} 

U"{un, e) = {x E X ■. d(a:, U («„)) < e} . 

and ipe as dehned in fl3.3D □ 


Recall the functions gn,e < ly(u„) < ^n,£ dehned in Lemma 14.31 For any subset J C In 
of cardinality i — 1, dehne the functions 


0) _ J 9n,e if J e J 
I gn,e if j e In\J- 


and h«= 

I hn,e if 3 ^ In\J- 


and also, for integers ii < *2 




12 

Y[sj\amjx) and = 


J=Il 


J=^l 


The following is an adaptation of Lemma 14.41 


Lemma 5.3. Let J G In be any subset of cardinality i — 1. Then 

Pn 

GU,pn)dT- n 

j=an 

« Y. S, (gW) n / sfdi, 

s=aTO-|-l i=s+l ^ 




(5.6) 
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and 



Remark 5.4. When s = in the error term we nse the convention that 

0n 

n =1 

j—0n + ^ 

Proof. Let J C be an arbitrary snbset of cardinality i — 1. In the following, let 99 and if 
denote two (C, fc)-regular fnnctions on X. Define the fnnction 

0 ) if J J 

l^i/j ifjG/„\J. 

Define also the fnnction 

Pr, 

FiaM = = n 

j = Oln 

As in Lemma [4.41 the idea is to write 

FiaMix) = 

and nse the exponential decay of correlations on this prodnct. Indeed, the proof of the 
lemma is identical to that of Lemma S3] with the only exception being that we do not apply 
the estimate j^rj^pdfi < 1. We leave ont the details to avoid nnnecessary repetition. □ 

We need estimates on the error terms in Lemma 15.3! that are explicit in n and e. For 
this we need to understand the Sobolev norm of the functions G/ „ and Hf „ The 

(C>:n,5 —1) (an,S—1} 

following is an adaptation of Lemma 14.51 

Lemma 5.5. Let J G In be any subset of cardinality i — 1 and letii = | Jfl ... ,mc}|. 
Then for any an < c < fin we have that for £ > 0 sufficiently small, 

= O ((c - + l)'=£-‘(i+‘),,(£;K))5<»-')+‘e‘''’"') 

and 

Sk{H(^n,c)) = 0({c-an + l)^e-^(-^+^P{U{un - . 

Proof. This proof bears many similarities to the proof of Lemma 14.51 hence in the following 
we leave out several details which have already been discussed. First we prove the statement 
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For notational simplicity set G := where «„ < c < /3n- We are looking to 

estimate 




By the product rule, G can be written as a sum containing a total of (c—a„+l)^ 

terms. Let 1 < p < (c — + l)h Then the p’th term is of the form , 

where is the differential operator associated to the function gj ^ in the p’th term of 
the sum. For every p, the sum of the orders of ..., equals 1. We then get 


n(“r.)p.(“") 








2 


< gBmc 




)■■■ ( 

^rtic 

x) 

2 


oo 


oo 

{opsf) 


(5.8) 


Notice that we are free to choose which function should remain inside the L^-norm. It 
follows from equation 03.21) and the Young inequality for convolutions that 




n,£ 




||r><-V4l2 Il>'"(..)ll2 s ll'3j*V.lU(r('i.„))j 


(5.9) 


Since «„ —)■ oo for u —)■ cxo it is clear that p{V{un)) < 1 is increasing with n while p{U{un)) 
is decreasing with n. So fi{U{un)) has a role to play in the convergence of the error term in 
Lemma [5.31 while p{V{un)) will not affect the convergence. Consequently it makes sense 
in the following computations to apply the estimate piViun))^ < 1. Using the facts stated 
above we can rewrite 05.81) further. Pick the L^-norm in 05.81) to contain one of the g'^ ^ as 
opposed to one of the gn,e- Using equation 03.4p as well, we get 


Since this estimate is independent of p we get 

||Dc„. • • ■ = O ((c - a„ + l)'e‘^”-,.(t;(ti„))4"U£-'(f+')) , 

and hnally 

S, = O ((c - a„ + l)'=£-‘(UO^(c/(„„))4«+4e‘-'’"-) . 
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When proving the statement for Sk ( 


we see that the only difference appears in 


fl5.9p where we instead have 

Ihh'wlL 2 A(r(«« + ■5))’ 


For the same reasons as stated above we nse the upper bound /i(V"(-u„ + (5))2 < 1. Clearly 
this leads to the estimate 

Sk =o((c-an + 


□ 

We now combine Lemma 15.31 and Lemma 15.51 and derive an upper bound on the error 
term which is independent of the choice of J C 

Lemma 5.6. For any sujficiently small, but fixed £ > 0 and for any subset J <Z In of 
cardinality i — 1 we have 

/3n 

«/i(f/K))^* - an)^ 


f n [ 


s=an+l 


and 


p 0n p 

J — 


hj ^ d/r 




s=an+l 


Proof. We only prove the hrst inequality since the second one is proved identically. 


Insert the estimate for Sk ( Gf 


fin 


{an,S-l) 

h'n p 

g, —oil 


in fl5.6p . This gives the error term 


0n 


(5.10) 


S = an + 1 J = S+1 ' 

where ii = | J fl ..., Let i 2 = I ii s E J and *2 = 0 if s ^ J. It then 

follows from Lemma 13.111 and Lemma 13.121 that S'fc(gj^) < ^{U{un)y^■ Set i^ = 

\J n {rus+i,. .. It is then clear that 

0n 


n 

i=s+i■ 


gj^ d^i < ia{U{un)yp 


' X 


This means that fl5.10p is bounded by 

0n 

^-d(k+i)-2k 


s=an+l 
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From this expression and the fact that fi{U{un)) is decreasing with n it is clear that the error 
term is maximal when ii is maximal, which happens for choice J = {ruan, ■ ■ ■ 

Picking i — 1, *2 = 0 and is = 0 then gives us an error term which is independent of 
J and is given by 

0n 

S=an + 1 

Since we consider e > 0 hxed, the result follows. □ 

This completes the necessary adaptations and we are ready to prove Theorem 15.11 


5.3.1. Proof of Theorem \5.1[ In the following we prove part A) of the theorem. Part B) 
is almost identical and we make a comment on this at the end of the proof. So in the 
following assume V is (r(;,r;)-SDL for some positive constants w and v. 

Let J C /„ be any subset of cardinality i — 1. Then 


^ j€ln\J 


^V{un) {0>mjX)d^{x). 

A/^ 7 ■ ^ T \ 7 


3^j 


j€lr,\J 


Using Lemma 14.31 and Lemma 15.21 we get 


Yl9n,siO‘mjX) JJ gn,eiamjX)dlJ,{x) 


'^jeJ 


< 




' X 


Yl~^Uiur.){amjX) JJ lviu„){am^x)dfi{x) 


i&J 

< 


jeln\j 


/ n hn,e{(^mjX)dfi{x). 

jej 


Then fl5.1ip and fl5.12l) give 


( 6 . 11 ) 


(5.12) 


lx 


GfaM dp<p[[] > Mn} n Pi < U^} 


< 






lx 




(5.13) 


While we have assumed V to be {w, r;)-SDL we only need {wi,W 2 , n)-DL for some positive 
constants Wi, W 2 and v in the following estimate. For any 5 > 0, we get 


fi(C/('«„)) < mje-””" = = O (Af-*) 

MUiun -S))< = O {N-') 











EVD’S FOR ONE-PARAMETER ACTIONS ON HOMOGENEOUS SPACES 


37 


Since we are only interested in the dependence on n for now we considered r G R and 
5 > 0 to be fixed in the estimate above. This implies that 


/3n 


/3n 


/ > n / gj . 

^ j=an ^ V s=an+l 


,A:7ms-i-5ms 


and 


lx 




0n p f 1 ■ 

) d^i{x) <Y\. d/i + O ( iV„ 'Y 


gk-yms-i-Sms ^ \k 


J=Oln 


s=a„+l 


Inserting this in fl5.13p and snmming over all J E gives 


fin p / 1 . 

Y ( n [ Sj ^ dfx-ol Y 


^k'yms-i—Sms 


S — ar 


J£S 


(i) \j=an 


s=an+l 


— ^ ^ ^ I 0 ^ ^ 0 ^ Un} 

y'GJ j€in\J 

In 


(6.14) 


Notice that 


S E ( n / d^, + o [ n;;*' Yf 


^k^ms-\—5ms 


(s - anY 


in 


s=an+l 


dn p / p \ i—1 p p A„ —(i—1) 

n SJ ^ d^l= g^edflj y 9n,ed^i 


J=Oln 

A 


p / p \ i—1 / p Nn — {i—l) 

JJ J h^]'’dg,= yj hYedfij yj K^^dfi 


J=0!n 


which means that both the upper and lower bound is independent of J. This turns fl5.14p 
into 


hi’ n / ^fdi,-0[ st N!*' E 


Pn 


M) 


Ai) 


Pn 


^k"/ms-i—Sms 


(s - anY 


]=an 


s=an+l 


— ^ ^ h { {0 ^ ^ {0 — 

j(lIn\J 


(5.15) 


in 


< 


d;’| fi / h«<i,<+o[|s®|iv-’‘ Y 

j=an ^ V s=an+l 


^k'yms-i-Sms ^ 
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The task is now to determine the limit of the upper and lower bound. We first take care 


of the error term. Recall that 


5 


(*) 


= (.-"l) = ~ 1“ following we 


use fl4.2ip from the proof of Theorem 14.11 For sufficiently large n we get 




(*) 


ivT- 5: 


^k'yms-i—Sm. 


{s - an)^ ~ e 


Pn 


k'yms—i—Srris 


(s - anY 


s=a„+l 


S=On+l 
Pn 

E - 




= 0 m 


s=«„+l 
— 1 — a' 


where a' = —mo — 6j. Using the assumption that Nn = o it follows that for 

any 2 < i < I, we have 


O 




^ 0 


for n —)■ oo. 

For the main term we get, 


\ li / 

j=Q„ 




h) 


9Led^^ 


i—1 


9n,£dfJj 


Afn-(i-l) 


> 


5 


(h 


Nl 




X / \J X 

^i{U{un + 5))*-V(V^K - 


we 


Nr,. 








i—1 


for n —)■ oo. 


Here we estimated the second integral similarly to the computation following equation 
fl4.14p . By equivalent calculations we get 



hj ^ dpt, —)■ 


(y;ed5-r-))* 1 



for n —)■ oo. 
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Looking again at fl5.5jl we see that we need to sum over i and take the limit for n —)■ oo in 
fl5.15jl . This gives 


E 

i=2 


(.-!)! 


- ^ n n Pi {^j < un} 


\isJ 


iGln\J 


< e 


E 

i=2 


(y;ed5-r)) 


i—1 


Taking the limit for 5 —)■ 0 then gives 


lim EEHn {^j ^ '^n} hi n 


= e 




E 


(*-c 

And hnally, by taking the limit for n ^ oo in fIS.Sp and using Theorem 14.11 Af we get 


in 


lim /X 

n—>-CxD 


(m® < Mn) 


= e 


+ e 


—Ae 


— vr \ ^ 


i=2 


{we-^^y~^ 


= e 


i-i 

E 

i=0 


(we-’'’')* 


X! 


This concludes the proof of part A) of the theorem. 

The proof of part B) is identical with the exception that we use the DL assumption 
instead of the SDL assumption. This change of assumption automatically generates the 
upper and lower bounds in the statement of part B). 


5.4. Closest return case. In this subsection we prove a general result from which The¬ 
orem oi will follow. For a hxed point Xq ^ X set 

T>(-) = -logd(-,a;o) 

Recall from Lemma 13.41 that for some w > 0 we have 

/i(x : V(x) > z) = we~'^^ + o(e~'^^). 

Set also, 


^i(x) = V(aix). 


Theorem 5.7. Let p ^ 


^sup^gj.^ ■ Assume that rrij G R satisfies 

[ms-i\ . A ^ 

sup - < mm 1, ^— 

ssN \ ms J \ k'j J 
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where k, 6 are as in 63 and 7 as defined in fl4.2p . Assume further that 

for a = 


-mp 


——- (tL — sy Then, for ufir) = + 2 xq E X we have 

lim /i ^ 

-n—i-rv-> \ ^ ^ 




i=0 


5.4.1. Proof of Theorem 5. 7 , In the same way as the proof of Theorem 15.11 was an adap¬ 
tation of the proof of Theorem 14.11 the proof of Theorem 15.71 is an adaptation of the proof 
of Theorem 14.61 To avoid excessive repetition we provide less detail in this proof than in 
the proofs of the aforementioned theorems. 

Lemma [4.81 provides smooth approximations of the characteristic function 1 (b(xo,£-“")=:)■ 
By the same argument we can get smooth approximations of We state the 

lemma. 


Lemma 5.8. For every k E ¥\, any a; > 0 and any n E ¥\ we can find two (Cn,cj, k)-regular 
functions g'^ ^ and h'^ ^ such that 

9n,u> — l(S(3;o,e-“™)) ^ ^ 

and 

/i {B{xo, 6"“’^“'^)) = [ gy^ d/4 < / d/i = /r {B{xo, 6"“"+"^)) . 

Jx J X 


Proof. The proof is identical to the proof of Lemma 14.81 For any a; > 0, set e = = 

e““"(l — e~‘^). In this case the approximating functions are dehned as 


9n,uj — Te * l(S(a;o, 

and 

^n,uj — Te* l(S(a:o,e-“"+“))) 


and ips is as dehned in fj3.3j). 



□ 

Let again 




U)^f9n,co ifjeJ 
\9n,u; if j e In\J 

and 

_ f if J e J 

\hn,uj ifjG/n\J 


and for integers ii < 12 




h 




<^di,i2 )(^)= n 

and 

^(P42)(^) = n hjVm.a;). 


j=h 


j=h 



The analogue of Lemma 15^ holds in this setting too. The only difference is that since Sn^u) 
depends on n we cannot consider it a constant. The lemma therefore states 
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Lemma 5.9. For any subset J C In of cardinality i — 1 we have that for sufficiently large 
n, 


« /3n « 

/ n / Sj ^ dF 

j=an 




-|(fc+l)-2fc 




s=a„+l 


anc? 


/ Fcm'Ii,- n / 


hj ^ djji 


s=an+l 


071 


The proof proceeds by making the same derivations as in equation flh.lip and through 
to equation fl5.15p . The only difference is in the estimate of the error term which in this 
case is 


_ d 
^n.u) 






h) 


iv-^* 


071 


E - 

s=a„+l 


Ji'ims-i—Sms 


(S - ttn)* 


= 0 Nn 


Ol' 

‘^0 


(*) 


071 

E - 

s=a„+l 


jg- 2 * \ ^ ^k'ims-i-Sms 


= 0[N, 


r^(l + i) + |h“l) -cr'p“" 


where a' = —mo ~ ^ used the computation from fl4.2ip and fl4.22p . By 

assumption Nn = from which it follows that for any 2 < i < I, we have that 


O ( ^ 0 for n ^ cx). 


The rest of the proof is identical to the to last part of the proof of Theorem 15.11 


5.5. Finalizing proofs of main results. We already discussed in Section 14.41 that in 
the setups of Theorem 11.21 11.41 and 11.61 at has exponential decay of correlations. This 
follows from Theorem 13.101 Also, Theorem 13.31 gives that A is {w, (i)-SDL for w = 
and Theorem 13.21 gives that d(-,xo) is (tCi, tn 2 , t)-DL for some positive constants Wi,W 2 
and V. Hence Theorem 11.21 and 11.61 follow from Theorem 15.II part B) and A) respectively 
while Theorem 11.41 follows from Theorem 15.71 
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